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S. Conclusion:

Nandurbar district has a large tribal population. Nandurbar district consists of
Akkalkuwa, Dhadgaon, Taloda, Shahada, Nandurbar and Navapur talukas. Akkalkuwa,
Dhadgaon, Taloda and Shahada talukas are included in the western Satpuda hills. This
mountainous region is a remote and densely forested region with a large tribal population.
Because the spread of education is low, a family of 10 to 12 people can be seen. Nandurbar and
Navapur talukas are part of the Western Sahyadri hills. The spread of education in this area is
good and the population is small. Usually a family consists of 4 to 5 people. According to the
2001 to 2011 census, the population of Nandurbar district has increased.
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Abstract:
In present paper we have proved the existence of solutions of boundary value problems
associated with the three dimensional system using topological methods.

Keywords: BVP, Existence Theorem, Egress point, Retraction Mapping, Wazewski’s
topological method.

1.Introduction

A variety of techniques are employed in the theory of finding solution of boundary value
problems. In this paper various topological principles are utilized in solving boundary value
problems. The Wazewski’s topological method together with the connected properties of
solution Funnels is used to prove the existence of solutions.
solution Funnels is used to prove the existence of solutions.

1.1 Solution Funnels
Consider the existence of solution of boundary value problems associated with the three
dimensional system

v =1t x,y,2),v' =g, x,y, 2),z =1(t, X, y,z) - (1.1)
The fellowing preliminary notation will be needed
Let ¥(t, y, z) and ®(t, y, z) be continuous functions such that
W(t,y,z) = Dt y,z) fort =0, |vl<mo, |z]<we.
Define the following sets:
Qtp) = [(t, X, y,2) : 0 = t = tg; || + [yl +]zl<e2],
Q) =[(t, X, y,2): 0 = t < ooy |x| +|v] +]z]<e2],
R=[(t,x,y):0 =t< m;|vl<m, O, y,z) =x = ¥(t,y, 2)],
CH=[xy):(txYy,z) €R]
Sy =Xy, 2) (X, y, 2) €C(1), x €E¥(L y, 2)],
Sen =X, y,2) 1 (x,y,2) €C(2), x EQ(L, y, 2)]
Let f(t, x, y, z) and g(t, X, y, z) be continuous in a set E which is open relative to Q(%#;)
where Q(t,) MK < E. For ¢, - = 0 and let S be a subset of C(#,) and denote by (S, t,,

Website — www.researchjourney.net Email - researchjourney2014gmail.com

90



‘RESEARCH JOURNEY’ International Multidisciplinary E- Research Journal | E-ISSN :
Impact Factor - (S]IF) - 6.625 (2019) | 2348-7143

s Special Issue 250 | July - 2020
H} Peer Reviewed & Indexed Journal

t,) the set of all points (X, y) such that there is a solution of (x(t), y(t), z(t)) of (1.1) on (£,
ty) in which (x(t,), y(t)), z(t,)) €S also (x(£;), y(t3), z(£;)) = (X, y, 2) and ((x(£), (1), z(t))
€ E forall t € [£,, t.]. This set is called the solution Funnel cross section

att=

Before stating our main result, we shall need the following hypotheses which restrict the
behaviour of solutions as they cross the ¥ and @ surfaces.

We shall assume:

(Hy For all t; € [0, t;], (xy, v, z)) €1(5;, 0, t)) NSy, , implies that there exists a
solution of (1.1) emanating from (%, x,, v,, z,) with trajectory which is on or above the ¥
surface, on some right neighbourhood of t,.

(Hy) For all t, € [0, 5], (xy, vy, z)) €1(5,, 0, £)) NSg, , implies that there exists a
solution of (1.1) emanating from (t,x,, ¥, z;) with trajectory which is on or below the ®

surface, on some right neighbourhood of ;.

2. Main Results

Our first result describes qualitatively the behaviour of solutions of (1.1) assuming (H,) and
(H ) holds.

Theorem 2.1
Let 5, be a compact connected set in C (0) which intersects Sy, and 54 ;. Then

(1) iz(5,, 0, t) contains a compact connected component in C(t) which intersects both 5.,
and 54, forall £, €0, ], or

(i1) There isa solution of (1.1) with (x(9), y(®), z(0)) € 5, having a maximal interval of
[0, £¥] = [0, t,] such that |v{t}] — oo, [z{t)] = w0 at t—tT,

Proof: Let £" = [(t, X, y, 2)EE, ® (t, y, z) — 1 <x <*¥(t, y, z) + 1]. Assume there is no

number K such that for all t€ [0, t,], 0, t) implies |x] <K, |v] =K

|z] = K. Then there is some interval [0, t*] = [0, t;] such that for any K > 0 there exists an

£( K> 0 such that either |x|> K, or |v|> K, or |z|> K for te [t*- =, £*].

Take any sequence t, — t* and let (x,,1,,z,)€ (S, 0, t,). Then either |x,| = o= or

|v.| = @ or|z, | = . By the continuity of *¥(t, y, z) and ® (t, y, z) it follows that if

|x | = < then |y, | — <, |z, | = . Hence either case we have |v, | = @, |z, | = <.

By a standard diagenalization process,using the solutions assecdated {(x,,v,.z,)}, we

may construct a solutions (x{ ), v{t], z(f))of (1.1) with (x(@), y(0), z(0)) € 5, Wthh exists

on [0,t]< [0, tT] and such that | v(t]] —= o, |z(#)] = was t = tT.

Moreover, (t, x(t), y(t), z(t))€ E' < E. This is the case (ii), hence to complete the proof we

may assume there exists a number K > 0, such that for all t € (0, #,],

(X,y,2)E I (5, 0,t)implies |[x] =K, [vl =K, |z] =K

Let T be the set of all points # €[0, ;] such that for all t €[0, £], the set {(5,, 0, t) contains

a component in C(t) which intersects both Sy, and 54 ;. Then T is nonempty since 0 € T
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and is bounded above by t;. We shall show t is closed and thus if we let

s = Sup T, then s = &, implies the conclusion of theorem (1.1).

Let {s;} be a sequence of points in T converging to s with ; < C(s;) a component of I (5,
0, 5;) which intersects both Sy ., and 54, Let L denote the limit set of {C;} and let (a, b,

¢) € L, since L is nonempty. Then there exists a sequence {(x/,v!,z/)} converging to (a, b,
¢) where (xc/,v!,z)) € C/ and {C } is a subsequence of {C,}.

Let L'be the set of limit points of {{/ }; hence L' is compact and since £ intersects both
Syisl) and 5, forallithen L'intersects both Sy ., and Sy ;.

If L' contains no component which intersects both Sy, and S, ., then since L' is compact
and intersects both Sy, and 54, , L' is the union of two non-empty compact sets M and N

which are separated by an arc A such that A L' = 4.

Assume (a, b, ¢) € M and (c, d, e) be any point in N and let (¥,,7.,%) = (¢, d, e) , where
(1‘1‘:‘) € C a subsequence of {C! }. Choose {(:l-;'._x-;'.:;')} to be the subsequence of
{(x!,v!,z))} contained in C;. For i sufficiently large the connected set I./(£;,s.,s) intersect

A and let (p;,q;,1;) be the points of intersection.

Thus (p;, g, 7;) € 15(C., 5., S.

There exists a point (p, g, r) which is limit point of {(;,¢;,7)} and since s; — s, (p, q, 1) is
a limit point of {C."}. However then (p, q, r) €L" and (p, q, r) € AlL". This is a
contradiction and we conclude L' and thus [./(5;, 0, s) contains a component ¢ in C(S)
intersection both 5, _, and 5y, ;. Thus T is closed.

By assumptions (H,) and (H-) there exists a &> 0 such that

I:(C, s, )c[(x, y, 2): (t, X, y, z)€ E'] and I .7(C, s, t) contains a component which intersects
both 54, and Sy ., forallt €(s, s + ).

However this contradicts the fact that s = Sup T. Thus s = t; and (i) is proved.This

completes the proof of theorem.

Theorem 2.1 with conditions that restrict the possibility of (ii) occurring can be used to
deduce existence theorems.

The following condition will thus be imposed:

(H3) Given any n > 0 and £;> 0 there exists a number N(t;, n) such that for any solution

(x(1), y(t), z(¢)) of (1.1) with [v{ 0¥l<ny, |z(0)|<n, and (t, x(¢), y(t), z(t))€ E for

t € [0, t;) we have |v{t]l< N(t;, 1, ), |2{01|< N(t, 11, ), for all t € [0, t;).

Theorem 2.2 (Existence Theorem)

Assume conditions (fH,) - (H;) hold. Let 5, be a compact connected in C (0) which
intersects both 5y, and 54 . Let 5, be a closed connected subset of C () such that
S.MN[(x,y) : yis arbitrary] = @, then there exists a solution of (x(%), y(t), z(t)) of (1.1) on [0,
t,] such that (x(), y(0), z(0)) € 5, (x(t,), y(tp), z(t,)) € 5, with

(t9 X (f), y (f), z (f)) €E fort = [0’ "+I:]
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Proof: Since 5, is a compact set, let 1, = Suplwl, n, = Suplz| for (x, y, z)€ 5, and let N =

N(#;, n) be as in (Hg). Then|v{t)|<N(t;, 1, ) for any (x(¢), y(t), z(¢)) of (1.1) with (x(0),
y(0), z(0))E S, and all t € [0, t;]. By theorem 2.1, [(5,, 0, ;) contains a compact
connected component ¢ to C(;] which intersects both Swie,) and Sg; J- The conditions

imposed on %, insure that 5, (/z(5,, 0, t,)= @. This concludes the proof of the theorem.

Another approach to this problem is the application of Wazewski’s topological method.
Consider the differential system

v = flt v, 'l.'lz ts I = ¥t 'D“:[ o
v =fltxy), ¥t) = yo. tp = 0)
Where f € C [}, R"], £1 being any open set in R™**. Let {1, be an open set of (1, (), is the
boundary and 3, the closure of {1,.

Definition 2.1

A point (t,, x;) € 210, and (t5v;) € 21121, is said to be egress point of (&, with
respect to the system (2.1)if, for every solution x(t), y(t) of (2.1), there is an > 0 such that
(t,x(t1) € O, (t,y(t) € Q,fort, - e =t<t,.

An egress point (t, x;) and (5, v;) of €1, is called a strict egress point of (1,

if(t,x(¢)) & Q,and (t,y(¢)) & Q, fort;<t = £, + e fora e>0.

Denote the set of all points of egress (strict egress) as & (5).

Definition 2.2
If A < B are any two sets of a topological space X and 7 : B = A is a continuous mapping

from B into A such that 7({p | = p for every p € A, then w is said to be a retraction of B onto

A.

When there exists a retraction of B onto A, A is called retract of B.

Theorem 2.3

Let f € C ({3, R™), 01 open in R™*!. Assume that through every point of {1 there passes a

unique solution of (2.1). Let {1, be an open subset of {). Suppose that all egress points of {1,
are strict egress points. Let U be a nonempty subset of {1, US such that U (15 is a retract of
5, but not a retract of U. Then there exists at least one point { t,, x,, v5)€ U [1£); such that
the solution(t, x(t), ¥{t)jof (2.1) remains in {1, on its maximal interval of existence to the
right of £,

We now apply theorem 2.3 to BVP prescribed in theorem 2.2. Although we assume
uniqueness of solutions of (1.1) this is not essential as a Wazewski-like theorem for non-
uniqueness has been developed. Let € = [(t, X, Yy, z): t= 0] - 5,; then £ is a relatively the

half space open subset of [(t, X, y, z): t=0
Let O, =[(t,x,y,2):0 = <+l,(D(t)<x<'+'|t| [vl<eo, |zl<we] where now ¥t v,z2), O(t, y,
z) are independent of y and z. Let U = 5,.
From hypothesis (H ;) and (H ), it is not difficult to see that § = &', and § consists of the

union of the sets
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